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Shape transitions and shape coexistence in the 70−98Kr region are studied in a unified view with
state-of-the-art beyond self-consistent mean field methods based on the Gogny D1S interaction.
Beyond mean field effects are taken into account through the exact angular momentum and particle
number restoration and the possibility of axial and non-axial shape mixing. The results of the
low-lying properties of these isotopes are in good agreement with the experimental data when the
triaxial degree of freedom is included. Shape transitions from axial-oblate (70−72Kr) to triaxial-
prolate (74−78Kr) and from spherical-triaxial (86−92Kr) to axial-oblate (94−98Kr) ground states are
obtained. Additionally, low-lying 0+ excited states and quasi-gamma bands are found showing the
richness of the collective structure in this region.
PACS numbers: 21.10.-k,21.60.Jz,27.50.+e
I. INTRODUCTION
Shape evolution of Krypton isotopes have attracted a
lot of experimental and theoretical interest in the past [1].
Such an evolution is rather complex and can be under-
stood as a consequence of the various shell gaps found
in the Nilsson single particle energies. The existence of
these gaps produces energy landscapes with more than
one equilibrium shape. Hence, the most energetically
favored intrinsic configuration can change abruptly by
adding neutrons, producing shape transitions along the
isotopic chain. Furthermore, shape coexistence can occur
if different configurations originate collective bands with
0+ band-heads close in energy. Additionally, these config-
urations can be mixed and the degree of mixing can be de-
termined by the distortion of the rotational/vibrational
behavior of the corresponding bands and by the transi-
tions between states of different bands.
In the neutron deficient side, fingerprints of shape co-
existence as low-lying 0+2 excited states [2–5], shape mix-
ing as the distortion of low-lying bands [6], as well as
spectroscopic quadrupole moments and electromagnetic
transitions [7–9] have been measured, supporting the pos-
sible coexistence of a prolate band and an oblate band
for these nuclei. In addition, the experiments suggest
that the shape transition occurs from an oblate 72Kr to
prolate 74−76Kr ground states, although, based on recent
Coulomb excitation measurements, a prolate character of
the 2+1 state in
72Kr have been proposed [10].
On the other hand, the onset of deformation in the
neutron rich isotopes around the region A ∼ 100 is the
subject of recent studies [11, 12]. Hence, while for Sr
and Zr isotopes a quite sharp transition from spherical
to deformed configurations in N = 58 − 60 is observed,
the neutron rich Kr isotopes do not show such a rapid
change. Furthermore, shape coexistence is found experi-
mentally by the occurrence of two and three 0+ excited
states below 2 MeV with strong E0 transitions in 96Sr
and 98Zr, respectively (N = 58) [13, 14]. Unfortunately,
there is no experimental data currently available for Kr
isotopes in this region.
From the theoretical point of view, early self-consistent
mean field studies have already shown a rich shape evolu-
tion in this region by analyzing the potential energy sur-
faces (PES) obtained with Skyrme [15], Relativistic [16]
and Gogny [17] interactions. However, spectroscopic in-
formation cannot be obtained within a pure mean field
approach and several methods have been applied to cal-
culate excitation energies, electromagnetic properties,
etc. Due to the huge number of possible configurations,
conventional large scale shell model calculations are still
out of reach in this region. Nevertheless, results using
the shell model Monte Carlo (SMMC) approach with a
pairing plus quadrupole interaction [18], the VAMPIR
method with an effective G-matrix defined in a reduced
valence space [19, 20] and the five dimensional collective
hamiltonian (5DCH), also with a pairing plus quadrupole
interaction [21], have been reported.
Additionally, there are several methods based on self-
consistent underlying mean fields that have been applied
to compute spectroscopic properties. Recently, a ver-
sion of the Interacting Boson Model (IBM) has been
used to study the shape dynamics of neutron rich Kr
isotopes [12]. In this case, the parameters of the IBM
hamiltonian are found by mapping the mean field energy
surfaces obtained with the Gogny D1M interaction to the
corresponding IBM ones. The results reproduce quite
well the available experimental data and they are consis-
tent with a smooth triaxial-to-oblate transition around
N = 60.
On the other hand, the 5DCH method has been also
used to study the low-lying spectroscopy in this region.
Here, the inertial parameters and the potential energy
of a Bohr collective hamiltonian are extracted from an
underlying mean field, based on Gogny [8, 22] or Rela-
tivistic [24] interactions. Then, such a reduced problem
is solved and the energy levels, moments and transitions
are computed. The agreement with the available data is
also good with both Gogny and Relativistic interactions.
In particular, in the neutron deficient part, these calcu-
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2lations reveal the key role played by the triaxial degree
of freedom to reproduce the correct deformation of the
ground state and first excited state bands in 74−78Kr.
Finally, the most microscopic approaches consistent
with the underlying mean field are the work of Bender et
al. [23] (with the Skyrme SLy6 interaction) and the cal-
culation of 76Kr included in Refs. [24] (with the PC-PK1
relativistic lagrangian). There, the generator coordinate
method (GCM) with particle number and angular mo-
mentum projected mean field states is applied. In both
cases, contrary to the 5DCH results, these calculations
do not reproduce the ordering of the low-lying levels, pre-
dicting oblate ground states also for 74−78Kr. Since the
5DCH is a gaussian overlap approximation of a GCM, a
lack of triaxiality in these exact GCM calculations has
been proposed as the most plausible explanation for this
problem. Nevertheless, whether this contradiction is ac-
tually due to the inclusion of triaxial deformations or to
the effective interaction, a study using the same under-
lying interaction and with the same beyond-mean-field
approach, with and without including the triaxial degree
of freedom, should be performed. This has been done re-
cently in the nucleus 76Kr using the PC-PK1 relativistic
lagrangian [25] but a more systematic study along the
isotopic chain is still missing.
In this work the shape evolution from neutron defi-
cient to stable and neutron rich Kr isotopes is studied in
a unified manner, using the so-called Symmetry Conserv-
ing Configuration Mixing (SCCM) method. This frame-
work is based on the GCM and includes quantum number
restorations (particle number and angular momentum)
and shape mixing of axial and triaxial intrinsic states. In
addition, Gogny D1S [26] is used as the underlying in-
teraction at every step. Therefore, the triaxial degree of
freedom is explored beyond mean field without using ei-
ther IBM mappings or gaussian overlap approximations.
The paper is organized as follows. First, the most im-
portant aspects of the theoretical framework in Sec. II
are reviewed. Then, in Sec. III, the results of the calcu-
lations, starting from a mean field description in terms of
the energy surfaces and Nilsson levels are shown. Next,
the shape evolution along the isotopic chain and the role
played by the triaxial degree of freedom are discussed
with the help of the collective wave functions. Further-
more, both global (along the isotopic chain) and individ-
ual (nucleus by nucleus) theoretical results are compared
with the experimental data. Finally, the most important
conclusions of this work are summarized in Sec. IV.
II. THEORETICAL FRAMEWORK
As stated above, in this paper the so-called Symme-
try Conserving Configuration Mixing (SCCM) method is
used. A detailed description of this theoretical framework
can be found in Refs. [27, 28] (and references therein).
Nevertheless, the most important aspects of this frame-
work are now summarized, pointing out some differences
with other similar methods used in the literature. For the
sake of simplicity, the energy at different levels of com-
plexity of the many-body method are written as expecta-
tion values of a hamiltonian in the following paragraphs.
However, since the Gogny D1S interaction contains den-
sity dependencies, this notation is not fully rigorous and
corresponding energy density functionals (EDF) should
be defined otherwise. Furthermore, a proper definition
of the EDF is also key to avoid the potential problems
that come out when symmetry restorations and configu-
ration mixing are performed within this framework (see
Ref. [30, 33] for a thorough description of this issue and
Refs. [27, 31] for the definition of the present EDF).
In the SCCM method used in this work, the different
many body states are calculated by mixing particle num-
ber and angular momentum restored intrinsic Hartree-
Fock-Bogoliubov type wave functions (HFB) which have
different quadrupole shapes (axial and non-axial) [27, 28]:
|ΨIMσ〉 =
∑
β2,γ,K
f IσK (β2, γ)P
I
MKP
NPZ |Φ(β2, γ)〉 (1)
where I, M , K are the total angular momentum and its
projection on the z-axis in the laboratory and intrinsic
frame respectively, P IMK and P
N(Z) the angular momen-
tum and neutron (proton) projectors defined through in-
tegrals in the Euler and gauge angles respectively [32]
and σ labels different states obtained for a given value of
I. The HFB-type states -|Φ(β2, γ)〉- are found with the
variation after particle number projection method (PN-
VAP) [32, 33] i.e., the particle number projected energy
is minimized imposing constraints in the quadrupole de-
formation (Qˆ2µ = r
2Y2µ(θ, ϕ)):
δ
(
E′N,Z(β2, γ)
)
= 0
E′N,Z(β2, γ) = EN,Z(β2, γ) − λq20〈Φ|Qˆ20|Φ〉
− λq22〈Φ|Qˆ22|Φ〉 (2)
where λq2µ are Langrange multipliers that guarantee the
conditions:
λq20 → 〈Φ|Qˆ20|Φ〉 = q20
λq22 → 〈Φ|Qˆ22|Φ〉 = q22 (3)
In addition, the deformation parameters (β2, γ) are di-
rectly related to (q20, q22) by:
q20 =
β2 cos γ
C
; q22 =
β2 sin γ√
2C
; C =
√
5
4pi
4pi
3r20A
5/3
(4)
being r0 = 1.2 fm and A the mass number. The PN-
VAP energy in Eq. 2 defines a potential energy surface
(PES) in the (β2, γ) plane which is useful to analyze the
intrinsic shape of the nucleus:
EN,Z(β2, γ) =
〈Φ(β2, γ)|HˆPNPZ |Φ(β2, γ)〉
〈Φ(β2, γ)|PNPZ |Φ(β2, γ)〉 (5)
The states in Eq. 1 are the generator coordinate method
(GCM) ansatz. Hence, the parameters f IσK (β2, γ) are
3variational parameters that are found by solving the Hill-
Wheeler-Griffin (HWG) equations [32]:∑
β′2γ
′K′
(
HIβ2γK,β′2γ′K′ − E
IσN Iβ2γK,β′2γ′K′
)
f IσK′(β
′
2, γ
′) = 0
(6)
The energy and norm overlap matrices are defined as:
HIβ2γK,β′2γ′K′ = 〈Φ(β2, γ)|HˆP
I
KK′P
NPZ |Φ(β′2, γ′)〉
N Iβ2γK,β′2γ′K′ = 〈Φ(β2, γ)|P
I
KK′P
NPZ |Φ(β′2, γ′)〉 (7)
Normally the HWG equation (one for each value of I) is
solved by transforming the generalized eigenvalue prob-
lem defined by Eq. 6 into a regular diagonalization prob-
lem [32]. To do so, the norm overlap matrix is first diag-
onalized:∑
β′2γ
′K′
N Iβ2γK,β′2γ′KU
I
Λ;β′2γ
′K′ = n
I
ΛU
I
Λ;β2γK (8)
Then, an orthonormal set of states, the so-called natural
basis, is built with the eigenvectors and eigenvalues of
the norm overlap:
|ΛIM 〉 =
∑
β2γK
U IΛ;β2γK√
nIΛ
P IMKP
NPZ |Φ(β2, γ)〉 ;nIΛ 6= 0
(9)
In the last equation, the linear dependencies of the orig-
inal set of states are removed by choosing those norm
eigenvalues that are different from zero. Therefore, both
the GCM ansatz (Eq. 1) and HWG equations (Eq. 6) can
be rewritten as:
|ΨIMσ〉 =
∑
Λ
gIσΛ |ΛIM 〉 (10)∑
Λ′
〈ΛIM |Hˆ|Λ′IM 〉gIσΛ′ = EIσgIσΛ (11)
The solution of the HWG equations provide the coeffi-
cients gIσΛ , from which observables such as energy spec-
trum, radii, electromagnetic moments, reduced transition
probabilities, etc. can be calculated. In addition, the
weights of a given intrinsic (β2, γ) configuration in the
corresponding GCM state, the so-called collective wave
functions, are also given as a function of the coefficients
defined above:
GIσ(β2, γ) =
∑
K,Λ
gIσΛ U
I
Λ;β2γK (12)
These quantities are useful to understand the intrinsic
structure of the ground and excited states in terms of
these collective coordinates.
All of the above expressions can be largely simplified
if the HFB-type states are axially symmetric [34]. In
particular, γ only takes two values, namely, γ = 0◦ (pro-
late, β2 > 0) and γ = 60
◦ (oblate, or, equivalently, 180◦,
β2 < 0). The angular momentum projection is then re-
duced to K = 0 values and only one of the three integrals
in the Euler angles has to be evaluated. To check the rel-
evance of the triaxial degree of freedom in the Krypton
isotopic chain, both axial and triaxial calculations with
the same underlying interaction -Gogny D1S- are dis-
cussed throughout this document.
One should mention the methodological main differ-
ences between the present study and some recent calcula-
tions reported in the Kr isotopic chain. As stated in the
introduction, generator coordinate method with exact
particle number and angular momentum projection cal-
culations have been already performed with Skyrme [23]
and Relativistic [24] energy density functionals but in-
cluding only axial shapes (γ = 0◦, 180◦) which is a strong
limitation to study shape transitions and coexistence in
this region. Only the nucleus 76Kr has been recently
computed considering the triaxial degree of freedom with
the relativistic framework [25]. Nevertheless, in those
cases, plain HFB or Lipkin-Nogami (LN) intrinsic wave
functions are used instead of the ones provided by the
PN-VAP method. Hence, pairing correlations are much
better described than in the HFB and LN approaches
that cannot account for such correlations in weak pair-
ing regimes [34, 35]. On the other hand, five dimen-
sional collective hamiltonian (5DCH) results have been
reported using the Gogny D1S [8, 22] and Covariant [24]
interactions which include quadrupole triaxial shapes.
However, the 5DCH is deduced from the GCM method
assuming a gaussian overlap approximation (GOA, see
Ref. [36]). Quantum number projections are not taken
into account in such a method either. This fact could
affect significantly the spectrum predicted by 5DCH cal-
culations since the absence of particle number restoration
leads to spurious mixing of solutions with different num-
ber of particles [37, 38]. Finally, recent calculations have
been reported in this region within the interacting boson
model (IBM) framework [11, 12]. Here the IBM hamil-
tonian of each isotope is mapped to the HFB potential
energy surface in the (β2, γ) plane calculated with the
Gogny D1M interaction [39]. Then, theoretical predic-
tions are obtained after solving the IBM hamiltonian in
a restricted valence space.
Consequently, in contrast to the methods reported
above, the method used here includes the triaxial degree
of freedom, quantum restoration and shape mixing cor-
relations self-consistently and they are free from GOA
approaches. Nevertheless, there are some limitations -
shared also with the calculations already mentioned- that
must be pointed out.
The most important limitations concern to HFB-type
states, which do not contain explicit quasiparticle excita-
tions, conserve both time-reversal and spatial parity sym-
metries and do not allow the inclusion of proton-neutron
pairing. Thus, neither negative parity states (the lowest
experimental 3− state is found in 72Kr at 1.85 MeV [13])
nor pure single particle excitations can be obtained. Nev-
ertheless, parity-breaking calculations in this region with
Gogny interactions have shown in all of the nuclei stud-
ied here a static octupole deformation equal to zero [40].
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FIG. 1. (color online) Particle number projected potential energy surface in the (β, γ) plane for 68−98Kr. Contour lines are
separated 1 MeV (solid lines) and 0.25 MeV (dashed lines) and the energies are normalized to the minimum of each surface.
Therefore, its influence on the spectra should be even-
tually considered through octupole fluctuations and par-
ity projection which are beyond the scope of the present
work.
Furthermore, excited states are not explored in a fully
efficient way from the variational point of view due to
the above restrictions. The inclusion of other degrees of
freedom such as pairing [37, 38] or quadrupole fluctua-
tions [41] would improve the variational description of the
excited states, particularly the 0+ states, but they are not
considered here since they would increase prohibitively
the computational time. Finally, since the HFB-type
states have a product structure of protons and neutrons
separately, Tz = 0 pairing is not taken into account in
the present calculations. This limitation can be particu-
larly relevant in describing the N ≈ Z nuclei but, again,
an isospin mixing [42] performed in combination with
the present SCCM method is beyond the present study.
Nevertheless, the degrees of freedom relevant to describe
qualitatively and, to some extent, also quantitatively the
low-lying states in the Kr isotopic chain are expected to
be included in the present work.
Concerning some technical details about the calcula-
tions, a regular triangular mesh in the triaxial plane in-
cluding NGCM = 60 HFB-type states are used. Each
of these states is expanded in a single particle basis
with nine major spherical harmonic oscillator shells. The
number of integration points in the Euler -(a, b, c)- and
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FIG. 2. (color online) Neutron single particle energies as a
function of the axial quadrupole deformation parameter calcu-
lated for 96Kr with Gogny D1S interaction. Neutron number
in the gaps and level crossings indicate the minima in the ax-
ial potential energy surfaces found for each nuclei (68−98Kr).
Continuous (dashed) lines correspond to positive (negative)
levels and the color code represent the value of jz: 1/2, 3/2,
5/2, 7/2, 9/2, 11/2 match with black, red, green, cyan, purple
and light blue respectively.
gauge -ϕ- angles are chosen to ensure the convergence
of both diagonal and non-diagonal projected matrix ele-
ments of the total angular momentum and particle num-
ber operators to the nominal values I(I + 1), N and
Z = 36 respectively. In this case, these values areNa = 8,
Nb = Nc = 16 and Nϕ = 9 (see Ref. [27] for details).
The calculations were performed at the high performance
computing facility Prometheus at GSI (Darmstadt) [43]
with a computing time of 48000h in a single processor
for each nucleus.
III. RESULTS AND DISCUSSION
A. PN-VAP potential energy surfaces and
Nilsson-like single particle energies
A first physical insight on the shape of the Kr isotopes
can be obtained from the potential energy surfaces (PES,
see Eq. 5) plotted in Fig. 1. This figure reveals the large
variety of energy landscapes found in this isotopic chain
with examples of spherical, oblate, prolate, γ-soft and
oblate-prolate shape-coexistent nuclei. Starting from the
lighter isotopes, single absolute oblate minima are ob-
tained for 68−70Kr, having for the former a noticeable γ-
softness. For 72−76Kr two clear minima are observed in
the PES; oblate and triaxial/prolate in 72Kr; axial oblate
and prolate in 74Kr, being both almost degenerated; and
spherical and prolate in 76Kr. The latter two minima
tend to merge in 78Kr and for 80Kr a large degeneracy
around the spherical shape up to β2 = 0.3 is observed.
Such a degeneracy is drastically reduced in 82Kr where
a slightly prolate single minimum is found, similarly to
84Kr. After the spherical semi-magic nucleus 86Kr and
slightly spherical 88−90Kr isotopes, a γ-soft nucleus, 92Kr,
is obtained. Then, for 94Kr a single oblate/γ-soft min-
imum is observed and, finally, potential energy surfaces
with two axial minima (oblate and prolate) are found for
the neutron rich isotopes 96−98Kr.
The general behavior of the energy landscapes and the
position of the minima can be understood by analyzing
the underlying single particle levels. Hence, these minima
correspond to the appearance of shell gaps and/or level
crossings in a Nilsson-like spectrum. In Fig. 2 the single
particle energies calculated self-consistently for neutrons
in 96Kr are represented. Similar spectra -although shifted
in energy- are obtained both for protons and for the rest
of the isotopes in the chain. For the sake of simplicity,
the axial quadrupole direction is plotted only.
First, the structure of the protons for the Kr isotopes
(Z = 36) is described. Hence, the proton Fermi en-
ergy crosses two gaps, oblate (β2 ∼ −0.30) and prolate
(β2 ∼ +0.35). Both gaps are produced by the filling -
on top of the magic number Z = 28- of the two 2p3/2
sub-shells, another level coming from 1f5/2 and one from
1g9/2 sub-shells. Therefore, the configuration of protons
in the Krypton isotopes favor the appearance of oblate
and prolate deformation.
The role of the neutrons is now analyzed. One can see
in Fig. 2 that the structure of the neutron deficient and
stable Krypton isotopes (68−86Kr) is dominated by the
pf and 1g9/2 shells. Hence, the oblate shapes found at
68−70Kr can be associated both to the structure of the
protons discussed above and the appearance of gaps be-
tween the 2p3/2 and 1f5/2 levels; the shape coexistence
in 72−76Kr is related both to the spherical gaps between
1f5/2−2p1/2 (N = 38) and 2p1/2−1g9/2 (N = 40) shells,
and the filling of the 1g9/2 and emptying of the pf sub-
shells. The nuclei 78−86Kr are dominated by the filling
of the spherical 1g9/2 shell.
Above N = 50, several cases are identified, i.e., nu-
clei: close to sphericity/γ-soft, 88−92Kr, associated to
gaps produced by the 2d5/2 and 3s1/2 shells; with oblate
minima, 94−98Kr, due to the proton gap and the filling
of 1h11/2 levels with the highest values of jz; and with
prolate minima, coexisting with the oblate ones, 96−98Kr,
given by the lowest jz levels from 1h11/2 that are crossing
below the neutron Fermi level.
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FIG. 3. (color online) Collective wave functions for the ground state (0+1 ) and 2
+
1 , 0
+
2 and 2
+
2 excited states calculated
with the SCCM method for 70−98Kr isotopes (from left to right and from top to bottom). One-dimensional plots represent
axial calculations while ’pie-like’ plots represent full triaxial results (color scale: red and blue mean large and small height
respectively).
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+
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+
2
states. Black boxes, blue diamonds and red bullets represent
the experimental values (taken from [13]), and the results of
SCCM axial and SCCM triaxial calculations respectively.
B. Collective wave functions
The analysis given in the preceding section can be con-
sidered as a ’mean-field’ based exploration of the struc-
ture of the nuclei studied in this work. However, the
shape of every single nucleus can be examined state by
state after performing the symmetry restorations and
shape mixing within the SCCM method sketched in
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FIG. 5. (color online) (a) Electric quadrupole (E2) reduced
transition probabilities between 2+1 and 0
+
1 states. (b) Spec-
troscopic electric quadrupole moments and (c) Gyromagnetic
factors for 2+1 states. (d) Electric monopole E0 transition
strength between 0+2 and 0
+
1 states. Black boxes and red bul-
lets represent the experimental values (taken from [5, 8, 12–
14, 20, 44–48]) and the results of SCCM triaxial calculations
respectively. Blue dashed line in (c) is the Z/A line provided
by the collective rotor model [32].
Sec. II. Hence, the so-called collective wave functions
(c.w.f. from now on) represent the weights of each in-
trinsic deformation in building the many-body nuclear
states |ΨIMσ〉 [32]. Since one of the aims of the present
work is the analysis of the role played by the triaxial de-
gree of freedom, both axial and triaxial calculations are
performed. Obviously, the former are very much lighter
than the latter in terms of computing time. In Fig. 3 the
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FIG. 6. Excitation energies for 70−76Kr isotopes. Experimental values are taken from Ref. [13].
axial and triaxial c.w.f. for the first two 0+ and 2+ states
in 70−98Kr are shown. In each box, that corresponds to
a given nucleus, 0+1 and 0
+
2 are shown in the upper part
and 2+1 and 2
+
2 in the lower part. Additionally, the axial
results are plotted in the middle panel and the triaxial
ones in the left (yrast states) and right (lowest 0+2 and
2+2 states) panels.
Before entering into the details of the shape evolution
along the isotopic chain, a general remark about the dif-
ferences/similarities between the axial and triaxial cal-
culations should be made. Comparing both approaches,
the axial c.w.f. can be interpreted in many cases just
as the reduction to one degree of freedom of the triaxial
ones. This is the case for all the states represented in
Fig. 3 for 84−92,98Kr, the 0+1 , 2
+
1 states for
70,72,94,96Kr,
the 2+1 , 2
+
2 states for
74Kr, and the 0+1 , 0
+
2 states for
82Kr. For the rest of states, the axial and triaxial c.w.f.
are either of different nature and/or the ordering is ex-
changed. This is particularly important in the neutron
deficient region -74−80Kr- where pure axial SCCM cal-
culations had problems in reproducing the experimental
data in contrast to 5DCH calculations including triaxial-
ity [22–24]. This issue is discussed in detail below. One
should mention a final remark about the axial/triaxial
comparison. Although some of the axial collective func-
tions can be associated with their triaxial partners, the
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FIG. 7. Same as Fig. 6 but for 78−84Kr isotopes.
quality of the axial approach could be different depending
on the nucleus. Hence, more similar results are obtained
in cases where the triaxial degree of freedom does not
play a role -98Kr, for example- than in those where pure
triaxial states are found and the axial c.w.f. present a
symmetric double peak structure around the spherical
point -90−92Kr, for example.
The shape evolution along the isotopic chain is dis-
cussed now. Starting from the neutron deficient part,
axial oblate (β2 ∼ −0.35) 0+1 and 2+1 states for 70−72Kr
are obtained. The triaxial results for 0+2 and 2
+
2 are
also similar in both nuclei with the triaxial/prolate c.w.f.
peaked in (β2, γ) ∼ (0.6, 15◦). In contrast, the axial re-
sults present a slightly less deformed prolate states for
70Kr and an almost symmetric prolate/oblate shape mix-
ing (0+2 ) and a prolate (2
+
2 ) excited states for
72Kr.
As stated above, the most significant differences be-
tween axial and triaxial calculations are found in the
structure of the 74−80Kr isotopes. For 74Kr a ground
state c.w.f. that is quite extended in the γ direction is
obtained. Its maximum corresponds to a triaxial/prolate
deformation -(0.5, 10◦). The 2+1 state peaks also in a
similar deformation although the c.w.f. is more con-
densed around its maximum. On the other hand, the
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FIG. 8. Same as Fig. 6 but for 86−92Kr isotopes.
first 0+ excited state shows a clear shape mixing of oblate
-(0.35, 60◦)- and prolate -(0.5, 0◦)- shapes, having the for-
mer a larger contribution. Finally, the 2+2 c.w.f. peaks in
the oblate part of the (β2, γ) plane also at -∼ (0.35, 60◦).
Therefore, the structure of the 0+ states corresponds to
the mixing through the γ direction of the two minima
observed in the PES (see Fig. 1) while the 2+ states
are less mixed and more constrained inside the potential
wells. Looking at the axial calculation for this nucleus,
basically the same result as the triaxial one for the 2+
states is found but the 0+ states contain a smaller mixing
and are inverted with respect to the triaxial calculation.
Consequently, the impossibility of shape mixing through
the triaxial degree of freedom in axial calculations affects
significantly the structure obtained within this approxi-
mation.
Similar conclusions can be extracted for 76−78Kr iso-
topes, where the γ-softness that connects different oblate
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FIG. 9. Same as Fig. 6 but for 94−98Kr isotopes.
and oblate shapes allows the mixing in the γ direction.
The ground and 2+1 states are peaked in triaxial/prolate
configurations; the 0+2 c.w.f. present two maxima, the
absolute one in an axial oblate shape and the other
maximum in a prolate (76Kr) state or a triaxial/prolate
(78Kr) state; and the 2+2 are quite extended in the triax-
ial plane and could be considered as the band-heads of
quasi-γ bands. The axial calculations are rather differ-
ent since oblate ground state bands and prolate excited
state bands are obtained for both nuclei. These results
for the neutron deficient isotopes are fully consistent with
the axial SCCM calculations performed with the Skyrme
SLy6 interaction [23] and with the triaxial 5DCH cal-
culations carried out both with the Gogny D1S [8, 22]
and Relativistic PC-PK1 [24] interactions. However, in
the present case, the same effective interaction and the
same many-body method is used both for axial and triax-
ial calculations and the only difference between them is
whether the triaxial degree of freedom is included. From
the present calculations one can safely conclude that the
disagreement with the experimental data obtained with
an axial SCCM method [23] is more related to the lack
of the triaxial degree of freedom rather than a drawback
of the underlying effective interaction. This result is also
obtained for the nucleus 76Kr calculated with a SCCM
method based on a Relativistic functional [25].
Moving towards the N = 50 shell closure, a smooth
transition in the ground state c.w.f. with a domi-
nant role of the triaxial degree of freedom is observed.
Hence, the shape evolution from the triaxial/prolate 78Kr
to the spherical 86Kr ground states proceeds through
triaxial/oblate (80Kr), pure triaxial (82Kr) and pro-
late/spherical (84Kr) configurations. On the other hand,
the evolution of the excited states is not smooth. The cal-
culations show 2+1 states with dominant triaxial/oblate
shapes for 80−82Kr, axial prolate shapes for 84Kr and ax-
ial oblate shapes for 86Kr. However, the main difference
appears in the shapes of the 0+2 and 2
+
2 in this interval
of nuclei. For 84Kr and 86Kr, an axial oblate and an
axial prolate rotational bands are observed respectively.
On the contrary, 0+2 and 2
+
2 show a different structure
for 80Kr and 82Kr. In the latter, an axial oblate and an
axial prolate 0+2 and 2
+
2 states are obtained respectively.
In the former, a strong mixing between small triaxial
deformed and large triaxial/prolate deformed configura-
tions are found in the 0+2 c.w.f., while the 2
+
2 is peaked
around the pure triaxial (0.4, 30◦) shape. Furthermore,
the axial calculations are rather consistent with the tri-
axial ones for 84−86Kr and for some states in 80−82Kr.
Finally, the structure of the neutron rich isotopes is
described next. In this case, the 0+1 and 2
+
1 c.w.f. are
similar between them in the 88−98Kr nuclei. Adding neu-
trons on top of the N = 50 magic number produces a
smooth transition from quasi-spherical shapes in 88Kr to
γ-soft configurations in 90−92Kr and axial oblate shapes
in 94−98Kr. Again, the evolution of the 0+2 and 2
+
2 states
is more involved. In the latter, slightly deformed triaxial
shapes for 88−94Kr, oblate shapes for 96Kr and prolate
shapes for 98Kr are observed. The 0+2 states show also
different structures, namely, mostly triaxial deformation
for 88−90Kr, axial oblate deformation for 92−96Kr and a
prolate shape for 98Kr. It is important to point out that
the c.w.f. obtained here can be directly related to the
corresponding PES shown in Fig. 1.
Finally, these results are consistent with the calcula-
tions performed in the neutron rich region with the IBM
method mapped to the Gogny D1M interaction [12].
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C. Systematics of the excitation energies
Once the shape evolution inferred from the SCCM cal-
culations has been analyzed, the results for observables
and the comparison with the available experimental data
are shown. In Fig. 4(a)-(d) the low-lying excitation ener-
gies along the isotopic chain, namely, 2+1 , 4
+
1 , 0
+
2 and
2+2 are plotted. A remarkable good agreement, both
qualitative and quantitative, is obtained with the ex-
perimental values when the triaxial degree of freedom
is taken into account, in particular for the neutron defi-
cient 72−82Kr isotopes. The most significant differences
are found around the N = 50 magic number (84−88Kr).
Here, although the qualitative behavior of the experimen-
tal data is well reproduced, i.e., increase of the excitation
energies and the maximum at N = 50, the theoretical
results overestimate the actual values. In this region,
explicit quasiparticle excitations are expected to play a
relevant role but they are not included in this work.
On the other hand, a continuous decrease of the 2+1
excitation energy above N = 50 is obtained with the
triaxial calculations, revealing a smooth increase of de-
formation when increasing the number of neutrons. This
is consistent with the shape evolution shown in the pre-
vious section. However, the experimental trend up to
the last measured value (96Kr) is flatter. In any case,
neither the calculations nor the experiments support a
sharp transition at N = 60 in the Kr isotopes as the one
observed in Sr and Zr isotopes (see [12] and references
therein).
Concerning the possible shape coexistence expected in
this region, low-lying 0+2 states around 1 MeV or below in
excitation energy have been measured for 72−78Kr. The
triaxial calculations reproduce quite nicely these energies
and they correspond to states with a strong shape mixing
between prolate and oblate configurations (see Fig. 3).
Furthermore, these calculations predict 0+2 states with
small excitation energies and different shapes as their cor-
responding ground states for 94,98Kr isotopes.
Finally, the results provided by the axial and triaxial
calculations are compared in Fig. 4. The axial excita-
tion energies are much larger than the triaxial energies
except for those nuclei where the triaxial c.w.f. are ac-
tually axial deformed states (70−72,94−98Kr). Therefore,
the performance of the axial calculations is significantly
poorer in reproducing the experimental data.
D. Systematics of the electromagnetic transition
probabilities and moments
The global behavior of the electromagnetic transitions
and moments along the isotopic chain is plotted in Fig. 5.
Only triaxial and the available experimental data are rep-
resented in this case. It is important to point out that
no effective charges are used here since the valence space
is very large and without a core.
Figure 5(a) shows that the theoretical B(E2) values
reproduce the trend of the experimental results but they
are systematically larger. Furthermore, local deviations
are also found in 74Kr and, to a lesser extent, in 86−88Kr.
The origin of this effect could be a slight overestimation
of the deformation by the Gogny functional enhanced
by the angular momentum projection. Nevertheless, the
largest collectivity is observed both theoretical and ex-
perimentally around N = 40 that indicates an erosion
in this region of this harmonic oscillator shell closure.
Furthermore, consistently with the behavior of the 2+1
excitation energies and c.w.f., a quite smooth onset of
collectivity is obtained above the N = 50 magic number.
Additional information about the shape of the 2+1
states is extracted from the spectroscopic quadrupole
moment represented in Fig. 5(b). The calculated Qsp
values are fully consistent with the collective wave func-
tions shown in Fig. 3, i.e., large Qsp(2
+
1 ) positive (neg-
ative) values are obtained for the well-deformed oblate
(prolate) states observed in 70,72,94,96,98Kr (74,76,78Kr)
isotopes. In addition, smaller values for those states
where both the absolute deformation is small and the
triaxial degree of freedom plays a role (80−92Kr) are pre-
dicted. In such cases, the sign indicates whether the
c.w.f. is more concentrated above (plus) or below (mi-
nus) γ = 30◦. Comparing with the available data, a
good agreement in the neutron deficient 74−78Kr [8, 20]
(prolate) and stable 84Kr [46] (slightly prolate) isotopes
is found but not for the neutron rich 92−96Kr nuclei re-
cently measured [11, 12]. The latter are experimentally
prolate deformed while the present calculations predict
an oblate character.
Another relevant observable that helps to analyze the
interplay between collective and single-particle degrees of
freedom is the gyromagnetic factor g(2+1 ). In the collec-
tive rotor model, this factor is approached by the simple
law gcoll(2
+
1 ) = Z/A [32]. Figure 5(c) shows that, ex-
cept for the nuclei close to the N = 50 magic number,
the theoretical values follow the collective model. Addi-
tionally, the experimental values are quantitatively well
reproduced for 78−84Kr isotopes [48], even though the
nucleus 84Kr deviate significantly from the Z/A trend.
However, although the calculation reproduces the correct
tendency, the theoretical value is largely underestimated
for the semi-magic nucleus 86Kr. As it has been already
mentioned above, the largest influence of quasiparticle
excitations -not included here- on the nuclear structure
is expected in this nucleus.
The last observable whose systematics along the iso-
topic is analyzed is the monopole electromagnetic transi-
tion strength ρ2(E0)[1, 14]. In a simplified model, where
the ground and excited 0+ states are built by mixing
two different intrinsic shapes, this quantity is large when
both the shape mixing and the difference in the radii of
the two intrinsic configurations are large [1, 49]. Looking
at the collective wave functions shown in Fig. 3, these
conditions are fulfilled in 74−82,94Kr. Consequently, the
largest values for the E0 strength are obtained for such
nuclei as it is plotted in Fig. 5(d). However, the exper-
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imental data are only reproduced for 72−74Kr isotopes,
overestimating the ρ2(E0) values in 76−82Kr. A plau-
sible explanation could be that the amount of mixing
provided by the present calculations in those isotopes is
too large [1]. Nevertheless, the E0 strength is also quite
sensitive to the precise values of the radii of the involved
states and small changes in the deformation of the states
can affect such a strength [1]. Furthermore, the explicit
inclusion of fluctuations in the pairing degree of freedom
can modify the final ρ2(E0) values [38]. Therefore, fur-
ther studies should be performed to reproduce quantita-
tively the electric monopole strengths in this region.
E. Individual spectra
In the previous subsections, the systematics of the
most relevant observables along the Krypton isotopic
chain have been described. In order to give a more de-
tailed description of the structure of each nucleus, the
results of the most relevant bands obtained with the tri-
axial calculations are now shown and compared with the
experimental values. These bands, shown in Figs. 6- 9,
are built by grouping the states that are connected with
the largest B(E2) values. Additionally, within a given
band, the structure of the collective wave functions is
rather constant or evolves continuously connecting such
states. Hence, the assignment of a given collective char-
acter is done by looking at the c.w.f. of the states be-
longing to a band. Although not all of the c.w.f. are
shown here, some of them have been already discussed in
Fig. 3.
Before summarizing the results, two aspects have to
be taken into account in order to provide a fair com-
parison between the theoretical and the experimental re-
sults. First, since neither time reversal symmetry break-
ing (cranking) states, explicit quasiparticle excitations
nor other collective degrees of freedom such as pairing
fluctuations are included, only a qualitative agreement
with the experiment is expected. Proton-neutron pair-
ing, potentially relevant around 72Kr, is not taking into
account either. Furthermore, the states that are almost
pure quasiparticle excitations, like the ones expected at
or near the shell closures, are out from the configuration
space considered here. On the other hand, grouping the
experimental states into bands can only be done in some
nuclei, e.g., 72−84Kr, while in other isotopes such an iden-
tification is not fully clear or the data is scarce [13].
Starting from the lighter nuclei, a quite similar struc-
ture of the collective bands is observed for 70−72Kr iso-
topes, namely, their ground state and first excited bands
are built on top of an axial oblate and triaxial/prolate
well deformed states respectively with a 0+, 2+, 4+, etc.
sequence. Additionally, a second excited state triaxial
band (less deformed than the other two) and a γ-band
(2+, 3+, 4+, 5+, etc.) are found in both isotopes. For
70Kr, no experimental information is known while for
72Kr, the ground state band and the first excited 0+
states are measured. Compared to the theoretical results,
both the 2+1 and 0
+
2 are higher in excitation energy.
The calculated spectra for 74−76−78Kr show again
ground state and excited bands with a ∆I = 2 spacing
and γ-bands. The overall agreement with the experimen-
tal spectra is rather good. Contrary to the 70−72Kr iso-
topes, the ground state bands in these nuclei are made
of states with a triaxial/prolate character and a triax-
ial/oblate for the ones with 0+2 band heads.
The theoretical ground state band for the nucleus 80Kr
presents a triaxial character -the c.w.f. peak at (0.3, 40◦)-
and the first excited band corresponds to a pseudo-γ-
band with a staggering that is not present in the experi-
mental data. Then, a 0+2 state with strong shape mixing
(see Fig. 3) connected to a triaxial band built on top of
0+3 is obtained.
Approaching the semi magic nucleus 86Kr, the stable
82−84Kr isotopes show also in the calculations ground
state and first excited bands with ∆I = 2 built on top
of 0+1 and 0
+
2 states and a γ-band as the second excited
band. For 82Kr, the ground state band and first excited
are mainly formed by oblate states and prolate states,
respectively, while for 84Kr is the other way around. The
comparison with the experimental values is not as good
as in the previous nuclei. This also happens in the closed
shell nucleus 86Kr. Nevertheless, the calculations show
a spherical ground state and oblate states 2+1 , 4
+
3 con-
nected to it, a first excited prolate band, an yrast 4+1
with mainly K = 4 and another oblate band on top of
the 0+3 state.
For the nuclei above N = 50 the experimental data is
restricted to few states belonging basically to the ground
state band. From the theoretical point of view, well-
defined triaxial and oblate ground state bands are ob-
tained for 88−90Kr and 94−98Kr isotopes respectively. For
92Kr, the triaxial ground state evolves towards oblate
states when increasing the angular momentum. Addi-
tionally, γ-bands are obtained all over the nuclei above
86Kr, being the lowest in energy the one found in 90Kr.
Finally, shape coexistence in 98Kr isotope is predicted.
In this nucleus, a clear collective spectrum is obtained,
i.e., well-defined oblate ground state band -peaked at
(0.35, 60◦), triaxial/prolate first excited band -peaked
at (0.50, 10◦), and triaxial/oblate second excited band -
peaked at (0.25, 50◦)- are found. All the states belonging
to the same band show practically the same c.w.f. and
the excitation energies of the 0+ states are also relatively
small. For 94−96Kr isotopes, the situation is slightly dif-
ferent. They also have low-lying 0+ excited states and
the oblate ground state bands are as well-defined as in
98Kr. However, the shape of the states of the first ex-
cited bands changes from oblate 0+2 to prolate 4
+
2 states
through the 2+2 states, that show triaxial/shape mixing.
Since there are some fingerprints of shape coexistence in
the neighboring Sr and Zr nuclei [13], more experimen-
tal data are of key importance to unveil the structural
evolution of neutron rich nuclei around N = 60.
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IV. SUMMARY
The structure of the Krypton isotopic chain from the
neutron deficient to the neutron rich nuclei has been stud-
ied with state-of-the-art SCCM methods with the Gogny
D1S interaction. Beyond mean field effects have been
taken into account through particle number and angular
momentum projections and quadrupole shape (axial and
non-axial) mixing.
From a mean field view, the shape evolution has been
analyzed through the potential energy surfaces in the tri-
axial plane. Additionally, the spherical single particle
shells playing a role in this region are determined from a
Nilsson scheme.
SCCM calculations reveal a different shape evolution of
the ground and excited states depending on whether the
triaxial degree of freedom is included. In the full triaxial
results, the ground states change from axially deformed
states (70−72Kr) to: triaxial states (74−82Kr), a slightly
deformed state (84Kr), a spherical magic nucleus (86Kr),
slightly triaxial deformed states (88−92Kr), and, finally,
oblate states (94−98Kr). However, for 74−76Kr the ax-
ial calculations produce oblate ground states, contrary
to what is expected from the experiments [8]. Since the
same nuclear interaction is used in both cases, the triax-
ial degree of freedom plays a key role to reproduce the
experimental data in the neutron deficient Kr isotopes.
This result confirms the ones obtained both in Ref. [23]
and Refs. [8, 24, 25] in a unified and systematic manner.
The comparison with the experimental values for the
first excitation energies along the isotopic chain show a
nice agreement when the triaxial degree of freedom is in-
cluded, specially in the neutron deficient part. However,
the experimental data is only qualitatively determined
around the magic nucleus 86Kr. Additionally, a continu-
ous decrease of the 2+1 excitation energies is obtained in-
stead of the flat behavior observed experimentally. Nev-
ertheless, the sharp transition experimentally determined
in N = 60 for Sr and Zr isotopes is not observed in the
present calculations of the Krypton isotopes around this
number of neutrons.
Concerning the electromagnetic properties, a good
agreement is also obtained between the theory and the
experimental data. However, some problems have been
also found such as: 1) an overestimation of the actual
B(E2) values; 2) the results for the Qsp(2
+
1 ) in
92−96Kr
are in contradiction with the experimental data; and 3)
an overestimation of the E0 strength in some nuclei.
Finally, collective bands of different nature (axial,
spherical and triaxial deformed, with more or less shape
mixing, γ-bands, etc.) have been found in the individ-
ual spectra. Shape coexistence is well reproduced in the
neutron deficient isotopes, and, in addition, is predicted
to appear in the nucleus 98Kr, and, to a lesser extent, in
94−96Kr isotopes.
As an outlook for a future work, the present results are
expected to be improved by adding extra degrees of free-
dom in the intrinsic HFB-like basis, namely, time rever-
sal symmetry breaking (cranking) states, parity breaking
states, explicit quasiparticle excitations, proton-neutron
pairing and/or other collective degrees of freedom such as
pairing fluctuations. A new functional whose parameters
will be adjusted by using a BMF method is also desirable.
However, all of these improvements require major devel-
opments of the present SCCM method and are beyond
the scope of this work.
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